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1. I n t r o d u c t i o n  
One of t h e  a d v a n t a g e s  of a u t o m a t e d  c a r t o g r a p h y  i s  t h a t  map d a t a  stored i n  
t h e  d i g i t a l  computer  c a n  be p l o t t e d  sr  d i s p S a y e d  a t  a n y  scale or p r o j e c t i o n  by 
r e c o m p u t i n g  t h e  c o o r d i n a t e s  of t h e  d a t a .  T h i s  i s  e s p e c i a l l y  e a s y  i n  t h e  case 
of vector ( g r a p h i c s )  d a t a  b u t  i n  t h e  c a s e  of d i g i t a l  image ( r a s t e r )  da t a ,  
remapping is  a more d i f f i c u l t  o p e r a t i o n .  Examples  of t h e  remapping  of d i g i t a l  
imagery  would i n c l L d e  r e c t i f i c a t i o n  of a L a n d s a t  MSS to a n  o r t h o g r a p h i c  or 
M e r c a t o r  p r o j e c t i o n ,  w a r p i n g  of o n e  image t o  r e g i s t e r  w i t h  a n o t h e r ,  or 
r o t a t i o n ,  scale,  or  a s p e c t  c h a n g e s  of a d i g i t a l  image. I n p u t s  c o n s i s t  of t h e  
d i g i t a l  image and geometric c o n t r o l  i n f o r m a t i o n .  Control  i n i o r m a t i o n  c a n  
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i n c l u d e  scanne r  l o c a t i o n  and  p o i n t i n g ,  ground t r u t h ,  and t h e  map t r a n s f o r -  
mat ion .  
model is computed from t h e  c o n t r o l  i n f o r m a t i o n .  
a c c o r d i n g  t o  t h e  d i s t o r t i o n  model. 
D i g i t a l  remapping c o n s i s t s  o f  two major s t e p s .  F i r s t ,  a d i s t o r t i o n  
Second, t h e  image is warped 
The f i r s t  s i c p  i n v o l v e s  t r a d i t i o n a l  ma themat i ca l  t e c h n i q u e s  of  estimating 
a s u r f a c e  from sample p o i n t s .  S e v e r a l  approaches  p e r s i s t  because  of  v a r y i n g  
needs  of  d i f f e r e n t  a p p l i c a t i o n s .  
computa t iona l  methods f o r  e f f i c i e n t  warp ing  o f  l a r g e  images  a c c o r d i n g  t o  a geo- 
metric d i s t o r t i o n  model. Use o f  g e n e r a l  purpose  computers  and a r r a y  p r o c e s s o r s  
for t h i s  t a s k  w i l l  be covered .  Data p r o c e s s i n g  e r r o r  w i l l  be d i sc i r s sed  f o r  
e a c h  model l ing /warping  approach .  
The second s t e p  i n v o l v e s  h i g h l y  s p e c i a l i z e d  
2. Dete rmina t ion  o f  g e o m e t r i c  d i s t o r t i o n  model 
Mathemat i ca l ly ,  a geometric d i s t o r t i o n  is a mapping from t h e  p l a n e  i to  
t h e  p l ane .  The napp ing  is u s u a l l y  one-to-one and c o n t i n u o u s  bu t  t h e r e  may be 
d i s c o n t i n u i t i e s .  O r t h o g o w l  components of t h e  mapping .:the x and y coord in -  
a t e s )  are independen t  and  e a c h  c a n  be viewed as a s u r f a c e  o v e r  t h e  p l ane .  For 
a p o i n t  p ,  t h e  v a l u e  of t h e  x - d i s t o r t i o n  s u r f a c e  a t  p s p e c i f i e s  how f a r  t h e  
d a t a  a t  p must move i n  t h e  x d i r e c t i o n  in t h e  remapping. Some s i m p l e  geomet r i c  
d i s t o r t i o n s  are used  t o  r o t a t e  images or change p i x e l  s i z e .  I n  t h i s  c a s e  t h e  
g e n e r a l  t r a n s f o r m a t i o n  is c a l l e d  a f f i n e  or l i n e a r  and t h e  x and y components 
are p lanes .  Map c o o r d i n a t e  c o n v e r s i o n s  (for example URI to T r a n s f e r s e  Mer- 
c a t o r )  are g i v e n  by fo rmulas  which c a n  also be viewed a s  d i s t o r t i o n  s u r f a c e s  
o v e r  a plane. 
are d e a l t  w i t h  i n  s e c t i o n i n g  images f o r  a d a t a  base. 
S i n g u l a r i t i e s  and  zone boundar i e s  are n o t  a problem h e r e  but  
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A more complex geomet r i c  d i s t o r t i o n  problem i s  t h e  " rubber  s h e e t "  case 
where a set of  c o n t r o l  p o i n t s  relating t h e  i n p u t  t o  t h e  o u t p u t  is known. A 
number of t e c h n i q u e s  are known f o r  g e n e r a t i n g  s u r f a c e s  t o  f i t  t h e  c o n t r o l  
p o i n t s  and g i v e  a d i s t o r t i m  model o v e r  t h e  en t i re  s u r f a c e .  Some are g e n e r a l  
i n  n a t u r e :  polynomial  f i t ,  c e a r e s t - n e i g h b o r  i n t e r p o l a t i o n ,  f i n i t e  e lement  
method, and t h e  method of p o t e n t i a l  f u n c t i o n s .  These a le  used  I n  cases where 
t h e r e  i s  no  need o r  d e s i r e  t o  u s e  a p r i o r i  knowledge of  t h e  n a t u r e  of  t h e  geo- 
metric d i s t o r t i o n .  I f  one knows (from p h y s i c a l  c o n s i d e r a t i o n s )  t h e  g e n e r a l  
f u n c t i o n a l  form of a d i s t o r t i o n ,  t h e n  t h e r e  are methods ( least  s q u a r e s ,  Kalman 
f i l t e r i n g ,  e tc . )  of f i t t i n g  t h e  f u n c t i o n a l  iorm t o  t h e  o b s s . r v a t i o n s .  Table  1 
compares some b a s i c  p r o p e r t i e s  of t h e s e  methods.  
The most complex d i s t o r t i o n  models  ar ise  from s e n s o r  geometry c o r r e c t i o n .  
Taking t h e  Landsat  MSS t o  be a b a s i c  example,  t h e  raw d a t a  are p e r t u r b e d  by 
e a r t h  r o t a t i o n ,  m i r r o r  s c a n  n o n l i n e a r i t y ,  s p h e r i c a l  ear t i ! ,  v a r i a t i o n s  i n  p l a t -  
form a l t i t u d e ,  r o l l ,  p i t ch , and  yaw. Most of t h e s e  components c a n  be model led 
by c o n t i n u o u s  f u n c t i o n s ,  bu t  one  compcrnent, t h e  l i n e - t o - l i n e  skew induced  by 
e a r t h  r o t a t i o n  i s  d i s c o n t i n u o u s  a t  e v e r y  s i x t h  l i n e .  Fur thermore ,  t h e  d i s t o r -  
t i o n  model i s  no l o n g e r  a s imple  f u n c t i o n  but  a composi te  of  s e v e r a l  f u n c t i o n s  
t h a t  a r e  a p p l i e d  i n  o r d e r .  The f i r s t  c o r r e c t i o n  f u n c t i o n  c a l c u l a t e s  un i form 
sampie s p a c i n g  i n  o r t h o g r a p h i c  or Merca tor  p r o j e c t i o n  a l o n g  single scan  l i n e s .  
Then a second c o r r e c t i o n  f u n c t i o n  moves e n t i r e  l i n e s  a c c o r d i n g  t o  t h e  s e n s o r  
and e a r t h  r o t a t i o n  skew f o r  e a c h  l i n e .  A t h i r d  c o r r e c t i o n  t o r  map p r o j e c t i o n  
cou ld  now be performed if d e s i r e d .  
i n  common u s e  today .  The f i r s t  is t o  u s e  nominal  v a l u e s  f o r  s p a c e c r a f t  l o c a -  
t i on ,  e tc . ,  and produce a c o r r e c t e d  p roduc t  which has  s l i g h t  d e v i a t i o n s  from a 
Two b a s i c  t e c h n i q u e s  f o r  model f i t t i w  a r e  
p e r f e c t l y  mapped p roduc t .  Note t h a t  t h e  l a r g e s t  d e v i a t i o n  i s  a s imple  l a t e r a l  
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t r a n s l a t i o n ,  which c a n  be f i x e d  l a te r  by a single p o i n t  o b s e r v a t i o n .  
second t e c h n i q u e  is t o  f i t  t h e  model a c c o r d i n g  t o  c o n t r o l  p o i n t s  de t e rmined  by 
e x t e r n a l  means. 
The 
These methods are covered  i n  o t h e r  r e p o r t s  i n  t h i s  workshop. 
3. R e p r e s e n t a t i o n  o f  geometric d i s t o r t i o n  model 
Digi ta l  computa t ion  r e q u i r e s  t h a t  t h e  geomet r i c  d i s t o r t i o n  be r e p r e s e n t e d  
i n  a n  e f f i c i e n t  manner. Three methods are cove red  he re .  The f i r s t  method is 
t o  l e a v e  t h e  model i n  i t s  f u n c t i o n a l  or n a t u r a l  form. Model f i t t i n g  p r o v i d e s  
c o e f f i c i e n t s  o r  d a t a  for  a s u b r o u t i n e  F which c a n  be invoked a t  a p o i n t  p t o  
give t h e  d i s t o r t i o n  F(p) .  The second method is  t o  c o n v e r t  t h e  model t o  a 
g r i d d e d  approximat ion .  
is set up  and t h e  s u b r o u t i n e  F is c a l c u l a t e d  a t  t h e s e  p o i n t s .  The v a l u e s  a 
and F (a  
e r a t e d  by i n t e r p o l a t i o n  i n  a n  e f f i c i e n t  manner. The t h i r d  method is a h i g h l y  
s p e c i a l i z e d  one  f o r  s c a n n e r  t y p e  d a t a  s u c h  as MSS. 
e n t s  of F are f u n c t i o n s  o f  one v a r i a b l e  ( s e p a r a b l e  components)  a "dope v e c t o r "  
c a n  be set  up t o  r e p r e s e n t  t h e  s h i f t .  As a n  example,  t h e  m i r r o r  s can  nonl i r .  
a r i t y  is a f u n c t i o n  o f  p o s i t i o n  along a s c a n  l i n e  on ly .  A dope v e c t o r  OA t h e  
same l e n g t h  a s  a s c a n  l i n e  c a n  r e p r e s e n t  t h i s  c o r r e c t i o n  o n  a p e r  p i x e l  basis. 
E a r t h  skew o f f s e t  and s e n s o r  r eadou t  d e l a y  c a n  be r e p r e s e n t e d  by a dope v e c t o r  
w i t h  a per l i n e  lookup.  Both of  t h e s e  c o r r e c t i o n s  are "a long  t r a c k " ,  t h a t  is, 
i n  t h e  d i r e c t i o n  of  s cann ing .  I t  is p o s s i b l e  t o  have dope v e c t o r s  f o r  a c r o s s  
t r a c k  c o r r e c t i 6 v . s  as  v e l l ,  i f  needed. 
A r e c t a n g u l a r  g r i d  all, a12, ..., aZ1, ..., a, 
i j  
) are s t o r e d  i n  a d a t a  s t r u c t u r e  s o  th;t t h e  v a l u e  F ( p )  c a n  be gen- 
i j  
I n  cases where some compon- 
Direct comFuta t ion  of  F f o r  e a c h  p i x e l  i s  a slow uiethod, a l t h o u g h  i t  may 
be he lped  by a r r a y  p r o c e s s o r  technfquc  s. Gridded r e p r e s e n t a t i o n  o f f e r s  g r e a t  
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speedup s imply  because  a 50 x 50 g r i d ,  for  example,  r e q u i r e s  a f a c t o r  of 3072 
times fewer  e v a l u a t i o n s  of F t h a n  a 2400 by 3200 image would by d i r e c t  
computa t ion .  Gr idd ing  i n t r o d u c e s  a d a t a  p r o c e s s i n g  error, however ( s e e  l a t e r  
s e c t i o n  on  error).  I n  g e n e r a l ,  d i s c o n t i n u o u s  f u n c t i o n s  and f u n c t i o n s  which 
are no t  approximated  wel l  by i n t e r p o l a t i o n  on  a g r i d  are poor  c a n d i d a t e s  f o r  
g r i d d i n g .  Dope v e c t o r s  c a n  o n l y  be used  on  s e p a r a b l e  f u n c t i o n s ,  of c o u r s e .  
A s p e c i a l  s t r a t e g y  f o r  MSS i n v o l v e s  a combina t ion  of  dope v e c t o r s  IC; t n e  
d i s c o n t i n u o u s  and  h i g h l y  n o n l i n e a r  e l e m e n t s  of  F and a g r i d d e d  approx ima t ion  
f o r  t h e  remainder .  E v a l u a t i o n  a t  F(p)  would i n v o l v e  s e v e r a l  t a b l e  lookup oper -  
a t i o n s  i n  t h e  dope v e c t o r s  fo l lowed  by t h e  g r i d  i n t e r p o l a t i o n .  
4. Large  image warping  computa t ion  
R e g a r d l e s s  of method, t h e  remapping of  a d i g i t a l  image c a n  be a n  enormous 
computa t ion .  
p e r  s p e c t r a l  band and y i e l d s  o v e r  t e n  megabytes  of  d a t a  f o r  57-meter s q u a r e  
p i x e l s .  
second p e r  i n s t r u c t i o n  would occupy a b o u t  1 6  m i n u t e s  o f  p r o c e s s o r  time. Yet 
t h i s  s l i m  number of  c y c l e s  must accompl i sh  t h e  f o l l o w i n g :  
For example,  a n  MSS i n p u t  c o n t a i n s  o v e r  s even  megabytes  of d a t a  
Execut ing  n i n e t y  machine i n s t r u c t i o n s  p e r  o u t p u t  p i x e l  a t  one  micro- 
For each  o u t p u t  p i x e l ,  c a l c u l a t e  t h e  l o c a t i o n  of  t h e  i n p u t  p o i n t  
t h a t  maps t o  i t  ( t h e  i n v e r s e  of  t h e  mapping).  
For each  o u t p u t  p i x e l ,  c a l c u l a t e  t h e  p i x e l  v a l u e  based on i n t e r -  
p o l a t i o n  of i n p u t  p i x e l  v a l u e s  n e i g h b o r i n g  t h e  i n p u t  p o i n t .  
B u f f e r  t h e  i n p u t  and o u t p u t  so t h a t  a r e a s o n a b l e  main memory r e g i o n  
c a n  accommodate t h e  c a l c u l a t i o n  wi thou t  e x c e s s i v e  d i s k  head mot ion  
o r  f i l e  r e r e a d i n g .  
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Computational aspects of t h e s e  steps f o r  a n  o rd ina ry  d i g i t a l  computer w i l l  be 
covered i n  order .  
The f i r s t  s t e p  r e q u i r e s  t h a t  f o r  a n  output  p i x e l  l o c a t i o n  p and a n  i n v e r s e  
mapping F t h a t  F(p) be c a l c u l a t e d .  I f  F is a composite f u n c t i o n ,  t hen  each 
component must be c a l c u l a t e d  i n  o rde r .  
eva lua ted  by t h e i r  sub rou t ine .  
f u n c t i o n  e v a l u a t i o n ,  f o r  example, by use of t a b l e  lookup €or  p a r t s  of a func- 
t i o n  (such as a cos ine ) .  
Funct ions r ep resen ted  by formula are 
There are some o p p o r t u n i t i e s  f o r  speeding up 
Another example is  incremental  e v a l u a t i o n  where 
F(x + dx)  = F(x) + G(x,dx) 
and G(x,dx) is f a s t e r  t o  compute than  F(x).  A c o n c r e t e  example of t h i s  is 
cos(x + dx)  = cos x c o s  dx - s i n  x s i n  dx 
so f o r  uniform dx a c o s i n e  can be c a l c u l a t e d  wi th  two m u l t i p l i e s  and a n  add, 
assuming t h a t  s i n  x i s  maintained i n  a similar f a sh ion .  The inc remen ta l  evalu-  
a t i o n  can e v e s  be a n  approximation i f  care i s  t aken  t o  restart w i t h  a n  e x a c t  
e v a l u a t i o n  f r e q u e n t l y  enough t o  l i m i t  t h e  e r r o r  t o  an a c c e p t a b l e  range. Func- 
t i o n s  represer,Led by a g r i d  are amenable t o  a much f a s t e r  t r ea tmen t .  
each g r i d  c e l l  a n  iacrementing scheme can be set up : o n s i s t i n g  of 
Within 
F(Xo,Y0) a n  i n i t i a l  po in t  
A x  
AY increments 
A xy 
v N c h  a l l o w  f o r  r e c a l c u l a t i o n  of F f o r  a series of incremerats i n  t h e  x d i r e c -  
t ion 
F(x + dx,y)  = F(x,y) +Ax 
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and f o r  a move t o  t h e  next l i n e  o f  o u t p u t  
F(x,Y + dy)  = F(X,Y)  + A y  
A x  = A x  + A x y  
T h i s  c o r r e s p o n d s  t o  b i l i n e a r  i n t e r p o l a t i o n  on t h e  g r i d .  I f  nm-uni form i n c r e -  
ments  are needed because  of  f u n c t i o n  compos i t ion ,  a d d i t i o n a l  m u l t i p l i c a t i o n s  b 
dx  and dy w i l l  be r e q u i r e d .  When dope v e c t o r s  are used  i t  is u s u a l l y  a c c u r a t e  
enough t o  u s e  t h e  c o r r e c t i o n  v a l u e  from t h e  n e a r e s t  p i x e l .  As a n  example,  t h e  
a l o n g - t r a c k  c o r r e c t i o n  f o r  a n  across t r a c k  dope v e c t o r  i s  
F(x ,y )  = x + D(round ( y ) )  
One s p e c i a l  problem ar ises  from d i s c o n t i n u i t i e s  i n  t h e  mapping f u n c t i o n .  
pu rposes  a f  p i x e l  v a l u e  i n t e r p o l a t i o n ,  i t  i s  n e c e s s a r y  t o  know abou t  loca l  
d i s c o n t i n u i t i e s  i n  t h e  neighborhood F (x ,y ) .  Hence f o r  c u b i c  s p l i n e  i n t e r -  
p o l a t i o n  f o r  MSS a p o i n t  ( x , y )  maps i n t o  f o u r  l o c a t i o n s  for  f o u r  l i n e s  which 
are o f f s e t  from e a c h  o t h e r .  F o r t u n a t e l y  i n  t h i s  case, t h e  samples  are un i -  
f ormly spaced ( Figure  1). 
For 
The second s t e p  o f  warping computa t ion  i s  t h e  a c t u a l  i n t e r p o l a t i o n  f o r  
t h e  o u t p u t  p i x e l  v a l u e  from t h e  n e i g h b o r i n g  i n p u t .  Methods f o r  t h i s  are d i s -  
cussed  e l sewhere  i n  t h e  workshop. 
The t h i r d  problem i n v o l v e s  t h e  a l l o c a t i o n  of  l i m i t e d  main s t o r a g e  t o  s t o r -  
age  of a p a r t  c f  t h e  ras ter  i n p u t  so t h a t  t h e  raster o u t p u t  c a n  be computed 
e f f i c i e n t l y .  Two p r e v i o u s  methods d i d  n o t  work weli f o r  l a r g e  or h i g h l y  
r o t a t e d  i n p u t  rasters ( f o r  example 3000 x 3000 r o t a t e d  1'). 
stores  a band of  r a s t e r  l i n e s  i n t e r n a l l y  a s  shown i n  F i g u r e  2. 
r o t a t i o n  a n  o u t p u t  l i n e  w i l l  o n l y  have a s h o r t  i n t e r s e c t i o n  w i t h  t h i s  band. 




o u t p u t  segments  which IUUS' be w r i t t e n  t o  d i s k  and l a te r  r e c o n s t r u c t e d  i n t o  t h e  
o u t p u t  raster. The later r e c o n s t r u c t i o n  i n v o l v e s  e x c e s s i v e  d i s k  head motion 
for  l a r g e  cases. 
t h e  l e n g t h  o f  c a l c u l a t e d  segments  is O ( l / n ) ,  t h e  number of ce l l s  is O(n ), 
hence t h e  number of s h o r t  segments  is O(n ) and d i s k  head mot ion  will i n -  
crease by t h i s  fac tor  under  a s imple  r e c o n s t r u c t i o n  scheme. 
t h e  r e c o n s t r u c t i o a  of  s h o r t  segments  by storing a l l  o f  t h e  i n p u t  raster i n  t h e  
neighborhood of  a n  o u t p u t  l i n e -  
band, t h e  i n p u t  f i l e  must be r e r e a d  as many times as t h e r e  are p l a t e a u s  i n  t h e  
lower p a r t  of t h e  s t o r e d  area. The t h i c k n e s s  of  t h e  s t o r e d  area is O( l /n )  and 
t h e  l e n g t h  of  t h e  l i n e  is O(n) hence t h e  number of  r e r e a d s  of  t h e  i n p u t  d a t a  
set is O(n ). Since  t h e  amount o f  data is O(n ) t h e  d i s k  head motion will 
i n c r e a s e  by O(n ). 
of op t ima l  w id th  i n  t h e  o u t p u t  by s t o r i n g  a co r re spond ing  swath  o f  i n p u t .  The 
o u t p u t  segment wid th  is independent  of  n hence d i s k  mot ion  depends  on  t h e  num- 
If t h e  ras ter  is n by n and a v a i l a b l e  s t o r a g e  is f i x e d ,  t h e n  
2 
3 
Method 2 avo,ds  
But because  t h e  s t o r e d  i n p u t  area is n o t  a 
2 2 
4 The new method developed  computes a uni form v e r t i c a l  band 
ber of times t h e  i n p u t  h a s  t o  be read  which i s  O(n) times amount o f  d a t a  y i e l d -  
i n g  O(n ). The r e c o n s t r u c t i o n  s t a g e  is O(n ). 
f o r  l a r g e  cases and methods 1 and 3 a p p e a r  t h e  same. 
t h a t  method 1 f o r c e s  a head motion fo r  s e q u e n t i a l  p a s s e s  o v e r  t b e  d a t a  which 
minimizes  head motion and r o t a t i o n  l a t e n c y .  Methods 1 and 3 are implemented 
i n  t h e  VICAR r o u t l n e s  LGEOM and MGEOM r e s p e c t i v e l y ,  and method 2 was r e p o r t e d  
by H. K. Ramapriyan (1977). 
3 2 Thus mechod 2 is u n s u i t a b l e  
A c l o s e r  a n a l y s i s  r e v e a l s  
Unusual approaches  t o  t h i s  problem have been Froposect. One is t o  resample 
h o r i z o n t a l l y ,  rotate t h e  image 90' a n d  t h e n  resemple v e r t i c a l l y  (which is 
h o r i z o n t a l  a f t e r  r o t a t i o n ) .  Good methods €or 9G' r o t a t i o n  are a v a i l a b l e  
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r e p o r t e d  by E’riedmann (1981). 
Resampling t e c h n i q u e s  and e x p e r i m e n t a t i o n  are 
5. Data p r o c e s s i n g  e r r o r  
Image r e g i s t r a t i o n  and r e c t i f i c a t i o n  e r r o r  a n a l y s i s  i s  t h e  s u b j e c t  of 
a n o t h e r  r e p o r t  i n  t h i s  workAop.  T h e r e f o r e ,  model e r r o r s  K i l l  n o t  be con- 
s i d e r e d  here .  
fo l lowi i ig  ways: 
Data p r o c e s s i n g  e r r o r  i n c l u d e s  J n l y  t h e  error i n t r o d u c e d  i n  t h e  
(1) e r r o r s  i n  c a l c u l a t i o n  of  t h e  i n v e r s e  mapping F(x ,y)  
( 2 )  e r r o r s  i n t r o d u c e d  by i n t e r p o l a t i o n  o n  a grid or  dope v e c t o r  
r e p r e s e n t a t i o n  o f  F (x ,y )  
(3)  e r r o r s  i n  t h e  l o c a t i o n  of  neighb0rir .g  p i x e l s  of F ( x  -1) f o r  i n p u t  
t o  t h e  i n t e r p o l a t i o n  scheme. 
Ther,. may a l so  be e r r o r  i n  t h e  i n t e r p o l a t i o n  scheme, bu t  t h i s  is n o t  a l o c a t i o n  
e r r o r .  w i t h  r ega rd  t o  t h e  t h r e e  e r r o r s ,  n o t e  t h a t  a 1/10 p i x e l  e r r o r  on  a 3009 
x 3000 image r e q d r e s  a n  a c c u r a c y  uf 0r.e p a r t  i R  30,000. Gr idd inc  methods are 
t h e  most d i f f i c u l t  t o  ho ld  w i t h i n  such  a n  error budget .  
e r r o r  i s  th:  d e v i a t i o n  of t h e  b i l i n e a r  s u r f a c e  fron! t h e  model s u r f a c e .  A 
second compon > n t  i s  accumula t ive  error i n  t h e  inc remen t ing  scheme d e s c r i b e d  i n  
t h e  last s e c t i o n s .  Both o f  t h e s e  e r r o r s  are c o n t r o l l e d  by keeping  t h e  g r i d  
s i z e  small. The ?ccumula:ive e r r o r  necessitates t h e  u s e  of  computer  a r i t h -  l i c  
w i t h  g r e a t e r  p r e c i s i o n  t h a n  3 2 o r  3 6 b i t  f l o a t i n g  p o i n t .  
One component o f  g r i d  
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